This paper studies the virtual χ−y-genera of Grothendieck's Quot schemes on surfaces, thus refining the calculations of the virtual Euler characteristics in [OP]. We first prove a structural result expressing the equivariant χ−y-genera of Quot schemes universally in terms of the Seiberg-Witten invariants of [DKO]. The formula is simpler for curve classes of Seiberg-Witten length N , which are defined in the paper.
1. Introduction 1.1. Overview. It has been a prominent and successful theme in algebraic geometry to study invariants of moduli spaces. Keeping with this theme, we compute virtual invariants of Quot schemes on surfaces. For moduli spaces of sheaf-like objects on surfaces, the Euler characteristic has attracted the most interest compared to other invariants. It appears, for instance, in the S-duality conjecture of [VW] . Recently [TT1, TT2] proposed a mathematical definition of the Vafa-Witten invariants as a certain analogue of the virtual Euler characteristic of the moduli of Higgs bundles using C * -localization.
Motivated by developments in Vafa-Witten theory, Oprea and Pandharipande [OP] studied virtual Euler characteristics of Quot schemes on surfaces. Complete formulas for quotients of dimension 0 were obtained. Dimension 1 quotients on minimal surfaces of general type with p g > 0 were studied with connections to the Seiberg-Witten invariants. The reduced invariants of K3 surfaces were proven to be equal to the stable pair invariants, hence given by the Kawai-Yoshioka formula. Based on these computations, [OP] conjectured the rationality of the generating series of virtual Euler characteristics in general.
The virtual Euler characteristic has a natural refinement, namely the virtual χ −ygenus. In [GK] , Göttsche and Kool gave a precise conjecture for the virtual χ −ygenera of the moduli spaces of sheaves on surfaces with p g > 0; these are the instanton contributions to the K-theoretic Vafa-Witten invariants studied in [T2] . In this paper, we study the virtual χ −y -genera of the Quot schemes on surfaces.
For surfaces, relations between various enumerative theories have been extensively studied, see for instance [CK, DKO, GNY, M, Ta1, Ta2] and others. In particular, [OP] observed the appearance of the Seiberg-Witten invariants in the Quot scheme theory of surfaces of general type with p g > 0. In this paper, we clarify the relationship between the Quot scheme invariants and the Seiberg-Witten invariants for arbitrary surfaces. Indeed Theorem 1 below gives a universal formula for the Quot scheme invariants in terms of the Seiberg-Witten invariants. Along the way, we remove several technical assumptions present in [OP] and extend the calculations to several new settings. Just as in [OP] , virtual localization [GP] and cosection localization [KL] play an important role. We also make use of new ingredients, most notably the recent calculation of the virtual fundamental classes of the nested Hilbert schemes in [GSY] and [GT] , and the work of [DKO] on Seiberg-Witten invariants.
The universal formula of Theorem 1 simplifies for curve classes of Seiberg-Witten length N . See Definition 2 below for terminology. In this context, the answer exhibits a multiplicative structure as explained in Theorem 2. By using multiplicativity, we find complete formulas, given by rational functions, in the following cases:
(i) arbitrary surfaces for the zero curve class (ii) relatively minimal elliptic surfaces for classes which are rational multiples of the fiber (iii) minimal surfaces of general type with p g > 0 for multiples of the canonical class.
Furthermore, we prove a blow up formula for curve classes of Seiberg-Witten length N . This shares some structural features of the conjectural blow up formula of the virtual χ −y -genera of the moduli of sheaves in [GK] . Using the blowup formula and the calculations in (i), (ii) and (iii) above, we establish that the generating series of virtual χ −y -genera are given by rational functions for surfaces with p g > 0, addressing a conjecture in [OP] .
In a slightly different direction, the reduced invariants of K3 surfaces with a primitive curve class are studied via comparison to the stable pair invariants. The answer is governed by the Kawai-Yoshioka formula of [KY] .
1.2. Virtual invariants of moduli spaces. For a smooth projective variety M over C, the Euler characteristic is a basic topological invariant. The Poincaré -Hopf theorem relates this topological invariant to the integration e(M ) = [M ] c(T M ).
A refinement of the Euler characteristic is given by the Hirzebruch χ −y -genus
The value at y = 1 recovers the Euler characteristic. Here we denote
for any vector bundle E over M . For further use, we also set
The Hirzebruch-Riemann-Roch theorem relates the Hirzebruch χ −y -genus to the integration χ −y (M ) = [M ] 
is a multiplicative characteristic class of vector bundles E over M . The integral formulations for these invariants imply that they are constant under smooth deformations.
There are virtual analogues of the above invariants that apply to moduli spaces endowed with 2-term perfect obstruction theories. We briefly explain the virtual χ −y -genus, following [FG] . Let M be a projective scheme. A 2-term perfect obstruction theory on M is a perfect complex
together with a morphism in derived category φ : E • → τ ≥−1 (L M ) such that h 0 (φ) is an isomorphism and h −1 (φ) is a surjection. Denote the dual complex of E • by
We define the virtual tangent bundle, virtual cotangent bundle and virtual dimension as (M ) vd := rk(T vir M ) = rk(E 0 ) − rk(E 1 ).
By the construction of [LT, BF] , there exist a virtual fundamental class [M ] vir ∈ A vd (M ) .
The virtual χ −y -genus is defined as the virtual holomorphic Euler characteristic
where
The virtual Riemann-Roch theorem of [FG] expresses (1) as an integral χ vir −y (M ) = [M ] vir X −y (T vir M ).
By taking y = 1, we recover the virtual Euler characteristic e vir (M ) of M . Therefore we can think of the virtual χ −y -genus as a refinement of the virtual Euler characteristic.
1.3. Deformation theory of Quot schemes. Let X be a smooth projective variety over C and fix a vector v ∈ H * (X, Q) to encode the topological type of sheaves on X. Let Quot X (C N , v) be the Quot scheme parametrizing short exact sequences
The natural tangent obstruction theory of the Quot scheme can be summarized as Tan = Hom(S, Q) Obs = Ext 1 (S, Q)
Obs ≥2 = Ext ≥2 (S, Q) .
If the higher obstruction spaces vanish, then the Quot scheme carries a 2-term perfect obstruction theory with a virtual tangent bundle given by T vir Quot = Ext • X (S, Q) .
There are at least two cases where all higher obstruction spaces vanish. First, if X is a smooth curve, the vanishing follows by dimension reasons. This was observed by [MO] and [CFK] . Second, if X is a smooth surface and v is a Chern character of torsion sheaves, [MOP] observed that Ext 2 (S, Q) = Hom(Q, S ⊗ K X ) ∨ = 0.
We will analyze the resulting invariants in the surface case.
1.4. Seiberg-Witten invariants. We fix the geometric set up for the Seiberg-Witten invariants. For a more detailed discussion, we refer the reader to [DKO] . Let X be a smooth projective surface and β a curve class in H 2 (X, Z). The Hilbert scheme of divisors of topological type β will be denoted by Hilb β X . There exists the universal divisor D with the ideal exact sequence
On the other hand, consider the Picard group Pic β X parametrizing line bundles with first Chern class β. If we fix a point p ∈ X, there exists a Poincaré line bundle P normalized at p. We have the Abel-Jacobi map
. Denote the line bundle O(D) restricted to Hilb β X × {p} by L and its first Chern class by h := c 1 (L).
The Hilbert scheme of divisors possesses a 2-term perfect obstruction theory with the virtual tangent bundle
This induces a virtual fundamental class
The Poincaré invariant of X with insertion β is defined in [DKO] as
As conjectured in [DKO] and proven in [DKO, CK] , the Poincaré invariants are Seiberg-Witten invariants for all algebraic surfaces. For later use, we write each component of the Poincaré-Seiberg-Witten invariant as
. Therefore the total Poincaré-Seiberg-Witten invariant is
We say that a curve class β is a Seiberg-Witten basic class if SW(β), SW(K X − β) = (0, 0).
For surfaces with p g > 0, every Seiberg-Witten basic class β satisfies vd β = 0 by [DKO, Proposition 4.20] . When vd β = 0, the higher Seiberg-Witten invariants SW k (β) for k > 0 vanish for degree reasons. In this case, we abuse the notation SW(β) to denote either the corresponding zero dimensional homology class or its degree.
1.5. Main results. Let X be a smooth projective surface over C and β ∈ H 2 (X, Z) be a curve class. Let Quot X (C N , β, n) be the Quot scheme parametrizing quotients
By Section 1.3, this Quot scheme possesses a 2-term perfect obstruction theory, hence the virtual χ −y -genus χ vir −y Quot X (C N , β, n) is defined. The following generating series of the invariants is our main object of study.
Definition 1.
This is a formal Laurent series in q because the virtual dimension vd Quot X (C N , β, n) = N n + β 2 becomes negative for sufficiently small n. The analogous generating series of the virtual Euler characteristics was defined in [OP, Definition 19] and it was conjectured to be rational in q.
We study the Quot scheme Quot X (C N , β, n) via equivariant localization. Consider a diagonal C * -action on C N with distinct weights w 1 , . . . , w N .
This induces a C * -action on Quot X (C N , β, n) and the obstruction theory possesses a natural C * -equivariant structure. Therefore the equivariant virtual χ −y -genus of the Quot scheme is defined. These equivariant structures will be fixed throughout the paper.
1.5.1. Universality. In Theorem 1 below, we express the equivariant Quot scheme invariants universally in terms of Seiberg-Witten invariants. Due to the Picard group factors, the Quot scheme invariants depend not only on intersection numbers but also on the ring structure of H * (X, Z). To state the theorem, we introduce the following integral cohomology classes on the product of Picard groups. A similar definition for a single Picard factor appears in [KT] . For any α ∈ H 4−k (X), define
If there are equalities among s 1 ≤ · · · ≤ s k , then we contract such parts to the wedge product. For example, if 1 ∈ H 0 (X), then
where the indices 3, 6 and 7 single out factors in the cohomology of the product of Picard groups
Theorem 1. Let X be a smooth projective surface and β be a curve class. There exist universal power series Q k, m , depending only on k and m, with coefficients in Q(y, e w 1 , · · · , e w N ) such that the equivariant virtual χ −y -genus is given by
In Theorem 1 and throughout the paper, we denote an N -tuple of objects (e.g. numbers, equivariant weights, cohomology classes) by vector notation (e.g. m, w, β).
Remark 1. In the theorem, Q k, m is a polynomial in the first five arguments, whose cohomological degree is 0. As a result, there are no convergence issues. 1.5.2. Multiplicative structure. Despite the universal nature of the invariants, computations can be unwieldy, for instance, due to the higher Seiberg-Witten invariants appearing in Theorem 1. Nonetheless, if all contributions come from effective decompositions β = β i with vd(β i ) = 0 for all i, then the answer simplifies as in Theorem 2 below. This will be effectively applied to give complete answers in several cases.
Definition 2. We say a curve class β is of Seiberg-Witten length N if for any effective decomposition β = N i=1 β i with SW(β i ) = 0 for all i, we have vd β i = 0 for all i.
Remark 2. By [DKO, Proposition 4.20] , every curve class on a surface with p g > 0 is of Seiberg-Witten length N for arbitrary N .
Theorem 2. Let X be a smooth projective surface and β be a curve class of Seiberg-Witten length N . There exist universal series
in 1 + q · Q(y, e w 1 , . . . , e w N ) [[q] ] such that the generating series of the equivariant virtual χ −y -genera takes the form
There is a formula [L, Theorem A] for the monopole contributions to the refined Vafa-Witten invariants which has a similar structure as Theorem 2. The difference is the conjectural modularity of the universal series on the Vafa-Witten side and the intersection numbers appearing as exponents.
1.5.3. Punctual quotients. There are a few other curve classes of Seiberg-Witten length N without the assumption p g > 0. This includes the case β = 0 for arbitrary surfaces. Since the only effective decomposition of the zero curve class is 0 = β i with β i = 0 for all i, the universal series U N fully determines the answer, by Theorem 2. In Section 3.1, we prove that U N is rational in the q variable U N ∈ Q(y, e w 1 , . . . , e w N )(q) without poles at e w 1 = · · · = e w N = 1. Specialization to w 1 = · · · = w N = 0
gives the non-equivariant answer. In the following theorem, β = 0 is omitted from the notation.
Theorem 3. Let X be a smooth projective surface. The generating series of the virtual χ −y -genera of Quot X (C N , n) takes the form
Here the rational function U N is given by
We can easily calculate P N := i =j 1 − (1 + y)t i + yt i t j . The first few P N 's are P 1 = 1 P 2 = 1 − (1 + 4y + y 2 )q + y 2 q 2 P 3 = 1 − (2 + 9y + 9y 2 + 2y 3 )q + (1 + 9y + 36y 2 + 58y 3 + 36y 4 + 9y 5 + y 6 )q 2 − (2 + 9y + 9y 2 + 2y 3 )y 3 q 3 + y 6 q 4 .
The explicit formula above implies the transformation rule
1.5.4. Relatively minimal elliptic surfaces. Another example where Theorem 2 applies is the case of a relatively minimal elliptic surface p : X → C. By the canonical bundle formula, K X is a rational multiple of the fiber class F . Consider a curve class β in the fibers, so that β.F = 0. For any effective decomposition β = β i , we have β i .F = 0. By Zariski's lemma, we have
with the equality if and only if β i is a rational multiple of F . Therefore, β is of Seiberg-Witten length N for arbitrary N . Based on this observation, Theorem 2 directly implies the following:
Theorem 4. Let X be a relatively minimal elliptic surface over a smooth curve. Let β be an effective curve class supported on the fibers. Then
In particular, the Quot scheme invariants vanish for curve classes supported on the fibers which are not rational multiples of F .
The Seiberg-Witten invariants appearing in Theorem 4 are computed in [DKO, Proposition 5.8 ]. Let F 1 , . . . , F r be the multiple fibers with multiplicities m 1 , . . . , m r . Then for each β i rational multiple of F ,
where g is the genus of the base curve C.
1.5.5. Minimal surfaces of general type with p g > 0. Let X be a minimal surface of general type with p g > 0. In this case, [DKO] proved that the Seiberg-Witten invariants vanish unless the curve class is 0 or K X . This observation simplifies the formula of Theorem 2. To state Theorems 5 and 6 in a uniform way, we introduce certain functions which appear in both. Let J be a subset of [N ] := {1, . . . , N } of size s. We define
where the products are taken over indices in J and t 1 , . . . , t N are the N distinct roots of the equation q = t N . We omit N in the notation A J because it will be clear from the context.
Theorem 5. Let X be a minimal surface of general type with p g > 0. Then, for any 0 ≤ ℓ ≤ N ,
where g = K 2 X + 1 is the arithmetic genus of a canonical divisor. Here the rational function G N, ℓ, g is given by
Furthermore, the Quot scheme invariants of any other curve classes vanish.
For minimal surfaces of general type with p g > 0, it is proven in [CK] that the Seiberg-Witten invariant SW(K X ) is equal to (−1) χ(O X ) . Substituting this, Theorem 5 refines [OP, Theorem 23 ] to virtual χ −y -genera and also removes the technical condition that X be simply connected with a smooth canonical curve.
1.5.6. Blow up formula. By Lemma 2 in Section 3.4, curve classes of Seiberg-Witten length N stay of Seiberg-Witten length N under blow ups. Using this and Theorem 2, we obtain the following blow up formula.
Theorem 6. Let X be a smooth projective surface and β be a curve class of Seiberg-Witten length N . Let π : X → X be the blow up of a point with exceptional divisor E. Then, for any 0 ≤ ℓ ≤ N ,
Here the rational function Bl N, ℓ is given by
independently on the surface. Furthermore, the Quot scheme invariants vanish for other values of ℓ.
Remark 3. The formula in Theorem 6 shares two important features with the blow up formula for invariants of moduli of sheaves in [LQ1, LQ2, GK] . First, it is multiplicative with respect to the generating series of invariants. Second, the formula is independent of the surface and the first Chern class.
For any given small values of N, ℓ, g, it is easy to calculate Gl N, ℓ, g and Bl N, ℓ by computer. Furthermore, we can also prove that
1.5.7. Surfaces with p g > 0 and rationality of generating series. For surfaces with p g > 0, the blow up formula of Theorem 6 reduces the study of the Quot scheme invariants to the case of minimal surfaces. By the classification of surfaces in terms of the Kodaira dimension, minimal surfaces with p g > 0 are of the form:
(i) kod=0: K3 or abelian surfaces (ii) kod=1: minimal elliptic surfaces with p g > 0 (iii) kod=2: minimal surfaces of general type with p g > 0.
Combined with an understanding of the Seiberg-Witten basic classes in each case, Theorems 3, 4, 5, 6 prove the following result:
Theorem 7. For all surfaces X with p g > 0 and all curve classes β, the series Z X,N, β (q) is a rational function in q.
The Theorem resolves a conjecture of [OP] regarding the rationality of the generating series of the virtual χ −y -genera, for surfaces with p g > 0.
The rationality question for surfaces with p g = 0 is more difficult. Recently [JOP] established rationality (for virtual Euler characteristics) when N = 1 for all simply connected surfaces. There, the same question was studied in the more general setting of series with descendant insertions.
1.5.8. Reduced invariants of K3 surfaces. Let X be a K3 surface and β be a primitive curve class which is big and nef. In this case, the virtual fundamental class constructed from the usual obstruction theory vanishes. To define nontrivial invariants, we use the reduced obstruction theory. When N = 1, [OP] matched the reduced virtual Euler characteristic of the Quot scheme to the topological Euler characteristic of the relative Hilbert scheme of points on the universal curve. A similar argument is valid for the reduced virtual χ −y -genus.
Theorem 8. Let X be a K3 surface and β be a primitive curve class which is big and nef, of arithmetic genus g given by 2g − 2 = β 2 . Let C g → P be the universal curve over the linear series |β|. Then,
where m = n + (g − 1) and C
[m] g is the relative Hilbert scheme of m points on the universal curve.
For curve classes satisfying the above assumptions, [KY] proved the smoothness of the relative Hilbert schemes of points and computed their Hodge polynomials. Specializing to the shifted χ −y -genus, one obtains g≥0 m≥0
See Section 4.1 for the definition of the modular forms in the formula, and [GS] for details. Here the shifted χ −y -genus is
with the obvious analogue for the virtual χ −y -genus. Define the generating series of the shifted reduced invariants as
Combining Theorem 8 with the Kawai-Yoshioka formula directly yields the following:
Corollary 1. Let X be a K3 surface and β be a primitive curve class which is big and nef, of arithmetic genus g given by 2g − 2 = β 2 . Then Z red X,1, β (t) is the coefficient of q g in the expression
In particular, Z red X,1, β (t) is a rational function in the t variable.
Formulas for the reduced invariants for higher N are not available yet. Note however that complete expressions for the higher rank stable pair invariants on K3 surfaces with primitive curve classes were obtained in [BJ] . We leave the study of the higher N Quot case and the comparison to its stable pair analogue for future work.
Finally, note that the case β = 0 on a K3 surface is not covered by Theorem 8. Nevertheless, we can compute the reduced invariants for dimension 0 quotients by Theorem 8 via deformation to an elliptic K3 surface.
Theorem 9. Let X be a K3 surface. The generating series of reduced χ −y -genera of X [n] takes the form
1.6. Plan of the paper. We start by studying the Quot scheme and its virtual fundamental class for N = 1 in Section 2. We then apply virtual localization and the recursive argument of [EGL] to prove the universality of the Quot scheme invariants in Theorem 1. For curve classes of Seiberg-Witten length N , multiplicativity of the answer is shown. In Section 3, the universal series in the multiplicative formula of Theorem 2 are studied by using special geometries. We use K3 surfaces to complete the proof of Theorem 2. Next we prove Theorem 3 by using blow ups of K3 surfaces. Elliptic surfaces are studied next and Theorem 4 is established. Theorem 5 and Theorem 6 are proven in Section 3.3 and 3.4, respectively. We then use Theorems 3, 4, 5, 6 to prove Theorem 7 in Section 3.5. In Section 4, we study the reduced invariants of K3 surfaces and prove Theorem 8 and Theorem 9.
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2. The structure of the Quot scheme invariants 2.1. The virtual fundamental class of the Hilbert scheme. We begin by studying the virtual fundamental classes of Quot schemes with N = 1 using results of [GSY, GT] . The calculations of this section will be applied in Section 2.2 to the case of general N .
Let X be a smooth projective surface and β be a curve class. When N = 1, the Quot scheme Quot X (C 1 , β, n) is simply the Hilbert scheme of 1-dimensional subschemes on X. The lemma below allows us to separate points and divisors. The proof of the lemma was given in [F] , but we review some of the details for later use.
Lemma 1. Let X be a smooth projective surface and β be a curve class. Then
Proof. We describe the isomorphism of the lemma on the level of closed points. Take
as the ideal sheaf of the 1-dimensional subscheme given by a composition of two injections
Then the corresponding quotient
. This provides the one direction of the correspondence.
For the other direction, take
with c 1 (Q) = β, χ(Q) = n. By taking double duals, we obtain the following diagram:
A torsion free sheaf on a smooth surface injects into its double dual with a zero dimensional cokernel. Therefore Q ′ is a zero dimensional sheaf. Also, S ∨∨ is a reflexive sheaf on a smooth surface hence locally free. Therefore we can regard
Twisting the first column by O X (D), we also obtain
which can be thought of as the ideal exact sequence of a zero dimensional subscheme Z and identify Q ′ (D) = O Z . Therefore, the last column is identified with the exact sequence
Taking holomorphic Euler characteristics, we obtain
2 by the Riemann-Roch theorem. The assignment from (4) to (Z, D) provides the other direction of the correspondence.
It is clear that these constructions are inverse to each other. The same argument in families completes the proof.
We next study the deformation theory of the Quot scheme above. In general, a natural 2-term perfect obstruction theory for the nested Hilbert scheme was constructed in [GSY] . As a particular case, consider the nested Hilbert scheme
The construction can be easily understood in three special cases. Specifically, the following identifications have been proved in [GSY, Proposition 3.1] :
Here P n (X, β) is the moduli space of stable pairs. By Lemma 1, we also have the identification
The Proposition below matches the virtual fundamental classes.
, the virtual fundamental class of the Quot scheme on the left and the virtual fundamental class of the nested Hilbert scheme on the right agree:
Proof. For a projective scheme with 2-term perfect obstruction theory, the virtual fundamental class depends only on the virtual tangent bundle in the K-theory and the underlying scheme structure by [S, Theorem 4.6] . Therefore it suffices to compare the virtual tangent bundle of X [m] × Hilb β X as a Quot scheme and as a nested Hilbert scheme. By Lemma 1, the universal quotient over
×Hilb β X ×X → Q → 0, where Z and D denote the universal subscheme and the universal divisor. Using this, we compute the virtual tangent bundle of X [m] × Hilb β X as a Quot scheme
where the subscript 0 on the fourth line denotes the trace free part. We have suppressed various pull backs and denoted the projection map from X to a point by π.
By [GSY, Proposition 2.2] , the virtual tangent bundle of X [m] × Hilb β X as a nested Hilbert scheme is
where the bracket with subscript 0 denotes again the trace free part. This removes one copy of RHom π (O, O) in K-theory, hence
This agrees with the third line of the computation of T vir
Quot . This competes the proof.
In the above proof, we established that
Note that
∨ is an actual, not virtual, vector bundle of rank m by Serre duality and the vanishing of the higher pushforwards. If Hilb β X were smooth, then this would easily imply
where e denotes the Euler class. When Hilb β X is singular, however, this is a special case of the main result in [GT] .
Proposition 2. The virtual fundamental class of X [m] × Hilb β X as a Quot scheme, or equivalently as a nested Hilbert scheme, is
Proof. We use [GT, Theorem 5] . By the Theorem, the virtual fundamental class on the left is identified with the Euler class of the Carlsson-Okounkov K-theory class. In our case, the relevant Carlsson-Okounkov K-theory class is
This directly implies the Proposition.
2.2. Universality of the Quot scheme invariants. In this section, we prove Theorem 1. Specifically, we study the equivariant Quot scheme invariants for arbitrary N and express them universally in terms of higher Seiberg-Witten invariants. The proof of Theorem 1 breaks into three steps. First, we apply the virtual localization theorem of [GP] and express the contributions from each fixed locus as an integral. Second, we pushforward the resulting integral under the Abel-Jacobi map. The Seiberg-Witten invariants naturally arise in this step. Third, we apply a generalization of the recursive argument in [EGL] to describe tautological integrals over the Hilbert schemes of points in terms of universal series.
Step 1 Consider a diagonal C * -action on C N with distinct weights w 1 , . . . , w N . We use the bracket to denote the equivariant weights. For example, the previous diagonal C * -action on C N is denoted by
This induces an C * -action on Quot X (C N , β, n) via the associated C * -action on the middle term of the sequences
By the weight decomposition of a subsheaf, the fixed point loci parametrize short exact sequence
Therefore,
Now we study the contributions of each fixed locus
corresponding to the decomposition n = (n 1 , . . . , n N ) and β = (β 1 , . . . , β N ). Encode the lengths of the zero dimensional parts in a vector
By Lemma 1, we can identify
Using this, we can compute the virtual tangent bundle of the Quot scheme restricted to the fixed locus F T vir
By taking the fixed part and moving part, we obtain the virtual tangent bundle and virtual normal bundle of F , respectively:
The first equation above shows that the induced obstruction theory of F splits into the obstruction theories of the factors. The splitting of the obstruction theory, together with Proposition 2, gives
By the virtual localization theorem [GP] , we have
.
Using the above formula of [F ] vir and the decomposition
Step 2 We begin with an observation that clarifies the dependence of the integrand in (8) on the ranks of K-theory classes. Let E be a vector bundle of rank r with Chern roots α 1 , . . . , α r . Write
From here, it can be seen that the dependence of X −y (E) on the rank r is present in the prefactor (1 − y) r . The remaining terms give power series, independent of r, in the Chern classes of E with coefficients in Q(y). This is because the dependence on the rank only comes from
but the remaining terms only have positive powers of α i 's. There are no issues about convergence of the power series because as long as we fix a dimension, all but finitely many terms vanish. Similarly, for each w = 0, we have
where the dependence on the rank is expressed in the first factor and the other factor is a power series in the Chern classes of E with coefficients in Q(y, e w ).
By these observations, the integral (8) becomes
where A m is a power series of the Chern classes of
with coefficients in Q(y, e w 1 , . . . , e w N ). The universal power series A m depends on m because of e(Obs i ) = c m i (Obs i ). It is straightforward to check
along the product of Abel-Jacobi maps
Recall the geometric setup for the Seiberg-Witten invariants in Section 1.4. We fix the point p ∈ X once and for all. Define the tautological line bundle over Hilb β i X by
and denote h i := c 1 (L i ). By the seesaw theorem, we have
where P i is the Poincaré line bundle on Pic β i X × X normalized at p. Using this relation and equations (2), (6), (7), we can express each K-theory class in (9) as a combination of K-theory classes pulled back from the Abel-Jacobi maps tensored by L i 's:
Recall the standard formula
for the Chern classes of a rank r vector bundle E and a line bundle L. In particular, this expression is a polynomial of r, c 1 (L) and the Chern classes of E. Moreover, the degree of r is bounded by the degree of c 1 (L) in each monomial. Note that the ranks of the K-theory classes
, Rπ * P i are linear combinations of m i , χ(β i ), χ(β i , β j ). By the above Chern class formula, this implies that the Chern classes of (9) are polynomials, depending on m, of χ(β i ), χ(β i , β j ), h i and the Chern classes of
We omitted RHom π (O Z i , P i ) in the list because
. Therefore one can rewrite the universal power series A m as
where B k,m 's are universal power series of χ(β i ), χ(β i , β j )'s and the Chern classes of the elements in (11) with coefficients in Q(y, e w 1 , . . . , e w N ). Note that degree of χ(β i ), χ(β i , β j ) in B k,m is bounded by i k i because of the remark on the Chern class formula. It is clear from the definition of the Seiberg-Witten invariants that
Therefore (10) becomes
by the projection formula.
Step 3 In this step, we explain the generalized version of the recursive argument in [EGL] which replaces the product of Hilbert schemes of points in (12) by the product of copies of X. Finally we integrate over the product of copies of X to complete the proof of Theorem 1.
Given a smooth projective surface X and F ∈ K 0 (X), the original version of the recursive argument in [EGL] concerns integrals of the form
where P is a polynomial in the Chern classes of the arguments. Inductively, such integrals can be transferred over X [m−1] × X, then X [m−2] × X 2 , and so on. After the k'th recursion, one gets an integral
for some other polynomial P ′ of the Chern classes which only depends on P and m, k, rk(F ). ∆ j 1 ,j 2 denotes the pull back of the diagonal. We use the superscript (j) to denote the location from which factor of X k the corresponding K-theory classes are pulled back. This notation will be used for the rest of Step 3.
The recursive argument needs to be generalized to deal with the integral
Kool and Thomas [KT, Section 4 ] already considered such a generalization when N = 1. In our case, we integrate over a product of N Hilbert schemes of points. The subscript 1 ≤ i ≤ N will be used to denote a specific Hilbert scheme factor out of the product. Furthermore, we have K-theory elements F i ∈ K 0 (X × B i ) for some smooth projective varieties B i . In our case, B i and F i are Pic β i X and the Poincaré line bundle P i ∈ K 0 (X × Pic β i X ), respectively. Henceforth, we assume that rk(F i ) = 1 for all i.
We denote the tautological sheaves appearing in (11) by
Step 2 is replaced by i ′ here.) With minor modifications, the recursion can be applied to integrals of the form
where P is a power series in the Chern classes of the arguments. We work with a power series rather than a polynomial because the dimensions of B i 's are not specified. After the k'th recursion, the above integral becomes
where P ′ is a power series of the Chern classes of the following K-theory classes:
2) Tangent bundles: T (j)
The end result after m = m i recursions is an integral
for some power series P ′′ of the Chern classes of the K-theory elements which only depends on P, m and the ranks of the F i 's. Since we assumed that rk(F i ) = 1, we ignore the dependence on rk(F i ). By using the Chern classes of diagonals, this can be further integrated over the m-fold product of X yielding
where c I denotes the monomial of the product of Chern classes corresponding to the multiset I and π denotes the projection map X × B 1 × · · · × B N → B 1 × · · · × B N .
We apply the above argument to the integral (13). Since the recursive procedure only affects the factors which are Hilbert scheme of points, no change is needed when we replace [Pic β 1 X ] × · · · × [Pic β N X ] by a product of higher Seiberg-Witten invariants SW k 1 (β 1 ) × · · · × SW k N (β N ) regarded as a homology class. Therefore the integral (13) becomes
where B ′′′ k,m is a power series of χ(β), χ(β i , β j ) and
with coefficients in Q(y, e w 1 , . . . , e w N ). Note that the first Chern class of the Poincaré line bundle has a decomposition
The subscript i again indicates the position among the N Picard group factors. For degree reasons, the classes in (14) are pushforwards of linear combinations of
These contributions also cover χ(β i ), χ(β i , β j ) by the Riemann-Roch theorem. Recall the definition of [α] s 1 ≤···≤s k in Section 1.5.1. One can check, for example by picking a basis of H 1 (X), that
where the constant factor is determined by the position of equalities in s 1 ≤ · · · ≤ s k . Therefore, we conclude that (13) becomes
where Q k,m is a universal power series, which only depends on k, m, with coefficients in Q(y, e w 1 , . . . , e w N ). Furthermore, one can show that Q k,m is a polynomial in the first five degree zero cohomology classes by carefully tracing back the argument. This complete the proof.
2.3. The multiplicative structure of the Quot scheme invariants. In this section, we establish the multiplicative structure of the equivariant Quot scheme invariants for a curve class of Seiberg-Witten length N . This will be slightly weaker than Theorem 2. The proof of Theorem 2 will be completed in Section 3.1.
Recall from Definition 2 that a curve class β is of Seiberg-Witten length N if for any effective decomposition β = N i=1 β i such that SW(β i ) = 0 for all i, we have vd β i = 0 for all i. By Theorem 1, each fixed locus corresponding to a decomposition β = β i does not contribute to the Quot scheme invariants if SW(β i ) = 0 for some i. Therefore, for a curve class β of Seiberg-Witten length N , it suffices to consider effective decompositions with vd β i = 0 for all i. This implies that no higher Seiberg-Witten invariants are involved in the calculation. As we noted in Remark 2, any curve classes on surfaces with p g > 0 will satisfy this property.
Let X be a smooth projective surface and β be a curve class of Seiberg-Witten length N . Consider the generating series of the equivariant Quot scheme invariants Z X,N, β (q) = n∈Z q n χ vir −y Quot X (C N , β, n) .
We already observed that the C * -fixed loci over Quot X (C N , β, n) for all n are indexed by
for some effective decomposition β = β i and m 1 , . . . , m N ≥ 0. Note that F m,β contributes to the Quot scheme invariants only if vd β i = 0 for all i by the assumption. In this case, the exponent n of the formal variable q is given by
Therefore the generating series of the equivariant Quot scheme invariants becomes
Hilb β i X as in the integral (8).
Since we have vd β i = 0 for all i, one can identify [Hilb β i X ] vir = SW(β i )[pt i ] ∈ H 0 (Hilb β i X ), where SW denotes the degree of the zero dimensional virtual fundamental class. If Hilb β i X has several connected components, this should be interpreted appropriately, but the argument will not be affected. Pick representatives for the point classes [pt i ], that is, pick exact sequences
such that c 1 (O(D i )) = β i . After restriction to these point representatives, the Ktheory classes involved in ( * ) become
Therefore (15) is equal to
where ( * * ) is the pull back of ( * ) under the embedding with respect to the point representatives. Denote the contributions from the Hilbert schemes of points with respect to the decomposition β = β i as follows:
for some choice of line bundles L i with c 1 (L i ) = β i . Note that Z X,N, β (q | w) only depends on β i 's, not on the choice of L i 's, hence the notation.
We now establish the multiplicative property of Z X,N, β (q | w). This essentially follows from the argument in [EGL] . Define
] be the obvious map. This map is well defined even if there are no line bundle representatives for the β i 's, by using the Grothendieck-Riemann-Roch formula. By the generalized version of the recursive argument explained in the proof of Theorem 1, this map factors through γ N :
Here t N is the number of the relevant Chern numbers given by
To conclude the multiplicativity, consider a disjoint union of surfaces
Since e and X −y are multiplicative characteristic classes, it follows that
By the argument of [EGL] , we conclude that there exist universal series
Since we have vd β i = β i (β i − K X ) 2 = 0 for all i in our setting, we obtain
In the following section, we prove that U N = 1. This will complete the proof of Theorem 2.
Applications of the multiplicative structure
In this section, we use Theorem 2 to find some of the universal series in the previous section. We do so by picking convenient geometries. Our choices will involve K3 surfaces and surfaces with smooth canonical curves. The formulas we obtain this way will imply Theorems 3, 4, 5, and 6.
3.1. Punctual quotients. In this subsection, we set β = 0, thus studying the invariants of punctual Quot schemes. Note that the zero curve class only admits a trivial effective decomposition by β i = 0 for all i. On the other hand, we have SW(0) = 1 because Hilb β=0 X is a reduced point of virtual dimension 0. Since β i = 0 for all i, the weaker form of Theorem 2 in Section 2.3 implies
In what follows, we use special geometries to determine U N and U N .
We prove that U N = 1. To this end, let X be a K3 surface. Recall from (16) that
for some line bundles L i with c 1 (L i ) = 0. We take L i = O X for all i. Then we have
Its Euler class vanishes if m i > 0 due to a trivial summand. This proves that Z X,N, (0,...,0) (q | w) = 1.
On the other hand, we have N, (0,...,0) (q | w) = 1 since K 2 X = 0 and χ(O X ) = 2. This implies U N = 1 and completes the proof of Theorem 2.
Next, we study U N by using a surface X with a smooth canonical curve C ∈ |K X |.
If C is cut out by a section s ∈ H 0 (X, K X ), then the tautological section
Denote the embedding of a product of Hilbert scheme of points on C by
Then Z X,N, (0,...,0) (q | w) becomes
We compute the pull back of the K-theory classes in (17) in terms of the universal data of Hilbert scheme of points on C and the normal bundle
Since C is a canonical curve of X, Θ is a theta characteristic of C, that is, Θ ⊗2 = ω C . The usual normal bundle exact sequence associated to the tautological section
in K-theory and so
This recovers a formula from [OP] . Now we compute the pull back of the virtual normal bundle. For this calculation, we change the notation RHom π to Ext • X to indicate it is the relative pushforward along the projection with fiber X. Similarly, the relative pushforward along the projection with fiber C will be denoted Ext • C .
With these notations,
where Z i is the universal zero dimensional subscheme, scheme theoretically supported on C. The third equality above follows from [T1, Lemma 3.42 ]. Note that both of these pull back of K-theory classes are intrinsic to the curve C up to the choice of a theta characteristic. This gives another way to explain that U N = 1 since the Chern number of C is determined by g(C) − 1 = K 2 X which is independent of χ(O X ). Now we further restrict the surface geometry to compute the integral (17). Assume that X has a smooth canonical curve C of genus 0. For example, the blow up of a K3 surface at a point will satisfy this. When C = P 1 , we can identify
With this identification, the universal exact sequence is given by
Using this explicit description of the universal sheaf, the K-theory classes of the various sheaves appearing in (17) are computed in the proof of [OP, Theorem 23] as
where the h i 's are the hyperplane sections of P [m i ] . Recall from Section 1.2 that for any line bundle L with c 1 (L) = α,
For simplicity, we denote
One can check that X −y (0) = 1 − y. Substituting the computations of the K-theory classes into (17),
Integrating over the products of projective spaces, the above expression can be rewritten as
where −q = x 1 = · · · = x N and bracket extracts the coefficient of the specified monomial. Here
Using the multivariate Lagrange-Bürmann formula of [G, theorem 2 (4.4)], we have
for the change of variables
Note that the change of variable formulas for each h 1 , . . . , h N are given by different equations due to the presence of w i in each formula. We can however work with a single equation after the additional change of variables
also used in [OP] . Now, H 1 , . . . , H N are the solutions of a single equation
Straightforward calculation shows that, after the change of variables above,
This is a rational function in the variables e H 1 , . . . , e H N , y, e w 1 , . . . , e w N which is symmetric in H 1 , . . . , H N . Since the elementary symmetric functions of e H 1 , . . . , e H N are rational in the variables q, y, e w 1 , . . . , e w N by (20), we have shown that U N ∈ Q(y, e w 1 , . . . , e w N )(q).
Furthermore, it is clear that U N does not have poles at e w 1 = · · · = e w N = 1 or equivalently at w 1 = · · · = w N = 0.
We specialize at w 1 = · · · = w N = 0 to obtain non equivariant answer for Z X,N (q). From the above formula,
where e H 1 , . . . , e H N are the distinct roots of the polynomial equation
considering e H as a variable. To simplify further, we use another change of variables
One can check that,
where t 1 , . . . , t N are the distinct roots of the equation
Let f (t) be a polynomial whose roots are t 1 , . . . , t N , that is,
We can easily compute the symmetric expressions appearing in U N in terms of f (t).
(i)
Substituting, we obtain
The simple functional equation (3) follows easily from here.
3.2.
Relatively minimal elliptic surfaces. In this subsection, we study the Quot scheme invariants of relatively minimal elliptic surfaces. We will derive Theorem 4 from Theorem 2.
Let p : X → C be a relatively minimal elliptic surface over a smooth projective curve. Denote the generic fiber by F and multiple fibers by F 1 , . . . , F r with multiplicity m 1 , . . . , m r . Since p is relatively minimal, K X is a rational multiple of F by the canonical bundle formula
where D is a divisor of degree χ(O X ).
Let β be a curve class supported on the fiber, that is, β.F = 0. Then for any effective decomposition β = β i , we have β i .F = 0 hence β i .K X = 0. By Zariski's Lemma,
with equality if and only if β i is a rational multiple of F . Therefore β is a Seiberg-Witten class of arbitrary length N . By Theorem 2, we have
On the other hand, since K X and all β i 's are rational multiples of the fiber, we have
Therefore Z X,N, β (q | w) = 1 and so
In particular, if β itself is not a rational multiple of F , then invariants all vanish. This completes the proof.
3.3. Minimal surfaces of general type with p g > 0. In this section, we study the Quot scheme invariants of minimal surfaces of general type with p g > 0. All such surfaces X are of Seiberg-Witten simple type by [DKO, Proposition 4.20] with only two basic classes, namely 0 and K X . Furthermore, it is shown in [CK] that SW(K X ) = (−1) χ(O X ) . We compute the Quot scheme invariants taking advantage of the complete understanding of the Seiberg-Witten theory of X.
Let X be a minimal surface of general type with p g > 0 and β be a curve class. Since the only Seiberg-Witten basic classes of X are 0 and K X , each effective decomposition β = β i contributes to the Quot scheme invariants only if β i = 0 or β i = K X for all i. In particular, the Quot scheme invariants vanish unless β = ℓK X for some 0 ≤ ℓ ≤ N . Assume that β = ℓK X for some 0 ≤ ℓ ≤ N . Note that effective decompositions β = β i by basic classes 0 and K X are enumerated by partitions I ⊔ J of the set [N ] =: {1, . . . , N } with |I| = ℓ. Denote the vector of the effective decomposition corresponding to the partition I ⊔ J as
By Theorem 2,
Now we study the universal series
by using special geometries. Assume that X is a minimal general type surface with a smooth canonical divisor C ∈ |K X |. In this section, we make the convention that indices in I, J, and [N ] are denoted by i, j, and k, respectively. Recall from (16) that
X ) ∨ has a trivial summand. Therefore, it suffices to consider the cases with m i = 0 for all i ∈ I. Now Z X,N, β I⊔J,K X (q | w) becomes
Following the proof of Theorem 3, we have
and denote the embedding by
Then Z X,N, β I⊔J,K X (q | w) becomes
Note that the computation in (18) directly gives
Furthermore, the computation in (19) also applies to the components of i * m N vir F corresponding to the summation over j 1 = j 2 . We calculate the remaining terms by using the same method and notation as before
These expressions are intrinsic to the curve C up to the choice of theta characteristic. Therefore we can think of (21) as a generating series of tautological integrals over symmetric products of C. By modifying the recursive argument of [EGL] to the symmetric products of a curve, the generating series only depends on g(C)−1 = K 2 X . We already know from Theorem 2 that this dependence is multiplicative. Therefore, we may assume C = P 1 and repeat the computation in Section 3.1. Even though a minimal surface of general type will never have a rational curve as a smooth canonical divisor, we nonetheless are able to reduce the computation of (21) to C = P 1 since the integral is now intrinsic to the curve C.
From here, we closely follow the lines in the proof of Theorem 3. Assume that C = P 1 . By the computation in the proof of [OP, Theorem 23] , we have the following equalities
in the K-theory of j P m j , where the h j 's are the hyperplane sections of P m j . Substituting this into (21), we obtain that
After putting −q = x 1 = · · · = x N and s = N − ℓ, this expression can be rewritten as
In the above product, we remind the reader the conventions that elements of I, J, [N ] are denoted by i, j, k respectively. Using the multivariate Lagrange-Bürmann formula of [G, theorem 2 (4.4)], we find
and for
only involves variables h j for j ∈ J, we cannot apply the argument in the proof of Theorem 3 directly. However, after adding up all such terms corresponding to the partitions I ⊔ J = [N ], the same argument will give
without poles at e w 1 = · · · = e w N = 1.
To compute the non equivariant answer for Z X,N, ℓK X (q), we can set up equivariant weights w 1 , . . . , w N to be zero thus work symmetrically in the variables h 1 , . . . , h N as in the proof of Theorem 3. If we set equivariant weights to be zero, then
Therefore, (22) becomes
We use the additional change of variables
This yields the further simplification for the above expression:
where t 1 , . . . , t N are the distinct roots of the equation q = t N . We have obtained
Therefore, we conclude that
This completes the proof.
3.4. Blow up formula. In this section, we prove the blow up formula of the Quot scheme invariants for a curve class β of Seiberg-Witten length N . The key input for the proof is Lemma 2 below. The Lemma follows easily from the blow up formula [DKO, Theorem 4.12] of the Seiberg-Witten invariants. We denote the pull back of the curve class β to the blow up surface by β.
Lemma 2. Let X be a smooth projective surface and β be a curve class of Seiberg-Witten length N . Let π : X → X be the blow up of a point with the exceptional divisor E. Then β+ℓE is also of Seiberg-Witten length N . Furthermore, an effective decomposition
satisfies SW( β i + ℓ i E) = 0 for all i only if vd β i = 0 and ℓ i = 0 or 1 for all i.
Proof. Suppose β be a curve class of Seiberg-Witten length N . Assume that
is an effective decomposition satisfying SW( β i + ℓ i E) = 0 for all i. By the blow up formula [DKO, Theorem 4 .12] of the Seiberg-Witten invariants, we have
In the formula, τ ≤n denotes the truncation map up to homological degree n. Therefore SW( β i + ℓ i E) = 0 implies SW(β i ) = 0. Since β = β i and SW(β i ) = 0 for all i, we have vd β i = 0 for all i by the assumption on β. On the other hand,
Since vd β i = 0, we have
with equality if and only if ℓ i = 0 or 1. If vd β i +ℓ i E < 0 then SW( β i + ℓ i E) is zero for degree reasons. Hence β + ℓE is of Seiberg-Witten length N . Furthermore, all ℓ i 's are forced to be either 0 or 1. This proves the second part of the statement. Now we prove the blow up formula stated in Theorem 6. Let X be a smooth projective surface and β be a curve class Seiberg-Witten length N . Let π : X → X be the blow up of a point with the exceptional divisor E. Lemma 2 implies that the Quot scheme invariants of β + ℓE vanish unless 0 ≤ ℓ ≤ N . From now, we fix ℓ in this range. By Theorem 2 and Lemma 2, Z X,N, β+ℓE (q) is equal to
Using the fact that SW( β i + ℓ i E) = SW(β i ) for ℓ i = 0 or 1, the above formula simplifies to
where δ i,I is the indicator function of the set I. Recall from Theorem 2 that
The natural decomposition of the intersection form on the blow up surface
where Z X,N, β (q) is generating series of the equivariant Quot scheme invariants. Note that neither
Bl I⊔J nor Z X,N, β (q) have poles at w 1 = · · · = w N = 0. Therefore, the generating series of the non equivariant Quot scheme invariants is simply
by taking w 1 = · · · = w N = 0 on each factor. Recall that
was established in (24). This completes the proof.
3.4.1. Computation of Bl N,N and Bl N,N −1 . We explicitly calculate Bl N,ℓ when ℓ = N or ℓ = N − 1. It is clear from the formula
that Bl N,N = 1 because J = ∅ and s = 0. Assume that ℓ = N − 1 and s = 1. Since J is a singleton, formula (24) becomes
where t j 's are distinct roots of t N = q. Using the standard fact about roots of unity N j=1 t p j = N q k , if p = N k 0 , otherwise we obtain
for k ≥ 1. Applying this to the above formula,
where (26) was used in the last line. This completes the proof.
3.5. Surfaces with p g > 0 and rationality of generating series. In this section, we prove Theorem 7 regarding the rationality of the generating series for surfaces with p g > 0. This follows from Theorems 3, 4, 5, 6 together with the understanding of the Seiberg-Witten basic classes.
We first reduce the proof of Theorem 7 to the case of minimal surfaces with p g > 0. Let X be a surface with p g > 0. Let π : X → X be the blow up of a point with the exceptional divisor E. Note that any curve class of X is uniquely written as β + ℓE for some curve class β of X and ℓ ∈ Z. By Remark 2, β is of Seiberg-Witten length N for arbitrary N . Theorem 6 thus applies to this setting. We obtain
where Bl N, ℓ (q) is a rational function in the q variable. Since every surface is a successive blow up of a certain minimal surface, it is enough to prove rationality of Z X,N, β (q) for minimal surfaces X with p g > 0.
By the Enriques-Kodaira classification, minimal surfaces with p g > 0 are of the form:
In each case, the Seiberg-Witten basic classes are explicitly known by the proof of [DKO, Proposition 4.20] . For K3 or abelian surfaces, the only Seiberg-Witten basic class is 0 = K X . For minimal elliptic surfaces with p g > 0, every Seiberg-Witten basic class is a rational multiple of the fiber. For minimal surfaces of general type with p g > 0, the only Seiberg-Witten basic classes are 0 and K X . In each case, rationality follows by Theorems 3, 4, 5, respectively. This proves Theorem 7.
The reduced invariants of K3 surfaces
If X is a K3 surface, the only Seiberg-Witten basic class is 0 = K X by the proof of [DKO, Proposition 4.20] . Therefore the usual Quot scheme invariants with β = 0 will vanish because β cannot be decomposed into Seiberg-Witten basic classes. Even when β = 0, the Quot scheme invariants vanish, unless n = 0. To obtain nontrivial invariants, we consider the reduced obstruction theory obtained by removing a trivial factor from the obstruction bundle. Thus, we study the reduced invariants of K3 surfaces when N = 1.
Let X be a K3 surface and β be a primitive curve class of genus 2g − 2 = β 2 which is big and nef. Then the corresponding line bundle O(D) has vanishing higher cohomology groups. By Lemma 1, we identify
where m = n + (g − 1) and P g = Hilb β X = |O(D)|. Note that Hilb β X has a trivial rank 1 obstruction space
where the isomorphism follows from the long exact sequence corresponding to
Therefore, by formula (5) the virtual tangent bundle of the Quot scheme is
where L = O P g (1) denotes the tautological line bundle over P g . This implies that the obstruction bundle of Quot X (C 1 , β, n) equals
By removing a trivial factor H 2 (O X ) from the obstruction theory, we get a reduced obstruction bundle
inducing the reduced obstruction theory. The reduced virtual χ −y -genus is expressed as an integral
4.1. K3 surfaces with primitive curve classes. Now we prove Theorem 8. We closely follow the proof of [OP, Theorem 21] . No changes are needed here other than exchanging the total Chern class c(·) to the class X −y (·). Since X [m] is holomorphic symplectic, we can replace the tangent bundle with the isomorphic cotangent bundle in the above formula
We claim that
After integrating out the hyperplane class c 1 (L) = h on P, this claim is equivalent to the statement
where P is a universal polynomial in the Chern classes of tautological bundles on X [m] with coefficients in Q(y). Since X [m] is even dimensional, we can remove the duals on the left hand side. Therefore we must show By using the argument in [EGL] , the left hand side is the universal polynomial in the Chern numbers (−D) 2 , K 2 X , (−D).K X , c 2 (X) with coefficients in Q(y). The right hand side is similar, with the relevant Chern numbers being D 2 , K 2 X , D.K X , c 2 (X). Since X is a K3 surface, K X is trivial hence all the Chern numbers match. This proves the claim.
To complete the proof we need to show that Applying this to our setting, we obtain the formula claimed above.
Remark 4. One can modify the proof of Theorem 8, paying attention to the Picard group contribution, to obtain a similar statement about abelian surfaces: if X is an abelian surface and β is a primitive curve class of genus 2g − 2 = β 2 which is big and nef, then
where C g is the universal curve over Hilb β X . Unfortunately, the right hand side is zero because the abelian surface X itself acts on C [m] g by translation without fixed points. To obtain nontrivial invariants, one may restrict to curves in a fixed linear system. It is then natural to ask whether one can define a perfect obstruction theory on the Quot scheme with fixed determinant whose reduced virtual invariants coincide with stable pair invariants. We wish to come back to this problem in future work. Now we prove Corollary 1 by combining Theorem 8 with the Kawai-Yoshioka formula of [KY] . Let X be a K3 surface and β be a primitive curve class which is big and nef of arithmetic genus g. By Theorem 8, the generating series of the shifted reduced invariants is Z red X,1, β (t) := n∈Z χ red −y Quot X (C 1 , β, n) t n = m≥0 χ −y (C [m] g )t m+g−1 since red.vd Quot X (C 1 , β, n) = m + g = dim(C [m] g ). Recall the specialization of the Kawai-Yoshioka formula to the shifted χ −y -genus g≥0 m≥0 χ −y (C [m] g )t m+1−g q g−1 = y −1/2 − y 1/2 ∆(q) θ ′ (1) 3 θ(y 1/2 /t)θ(ty 1/2 )θ(y)
Here, the modular discriminant ∆(q), the theta function θ(y, q) = θ(y) and the derivative θ ′ (1) are given by ∆(q) := q n>0
(1 − q n ) 24 θ(y) := q 1/8 (y 1/2 − y −1/2 ) n>0
(1 − q n )(1 − q n y)(1 − q n /y) θ(1) ′ := y ∂ ∂y θ(y) y=1 = q 1/8 n>0 (1 − q n ) 3 .
Substituting these into (27), we obtain
Therefore the corollary follows from
4.2. K3 surfaces with the zero curve class. In this section, we prove Theorem 9. Let X be a K3 surface. The obstruction bundle (O [n] ) ∨ of the Hilbert scheme of points X [n] has a trivial factor for n ≥ 1. To obtain non trivial invariants, we use the reduced obstruction theory with the reduced obstruction bundle red.Obs = O [n] − O ∨ .
Theorem 9 does not involve any curve class β, but the proof will make use of Theorem 8. By the deformation invariance of the reduced χ −y -genus, we may assume that X is an elliptic K3 surface with the fiber class f . Note that the curve class f is of genus 1 and the associated line bundle has no higher cohomology groups. Therefore the Quot scheme Quot X (C 1 , f, n) is identified with X [n] × P 1 .
We claim that χ red −y (X [n] ) = χ red −y Quot X (C 1 , f, n) for n ≥ 1.
First, we show that this claim implies Theorem 9. Note that the fiber class f is not big, but the same proof of Theorem 8 will work; bigness was used only to conclude that β has no higher cohomology groups, which is the case for us. Since the reduced virtual dimension of Quot X (C 1 , f, n) is n + 1,
(t √ y) n χ red −y Quot X (C 1 , f, n) .
By Theorem 8, this is the coefficient of q 1 of the expression
1 (1 − q n ) 18 (1 − q n y)(1 − q n /y)(1 − q n √ y/t)(1 − q n t/ √ y)(1 − q n √ yt)(1 − q n / √ yt) up to minor modifications: subtract the coefficient of t 0 , change the variable t by t √ y, and multiply by √ y. One can check by computation that this gives Theorem 9. Now we prove (28) by analyzing the integral giving the reduced χ −y -genus in detail. The reduced χ −y -genus of X [n] can be written as
Denote the Chern roots of the tautological bundle O [n] by α 1 , · · · , α n with α 1 = 0. Then the above integral becomes
By the previous section, the reduced obstruction bundle of the Quot scheme Quot X (C 1 , f, n) = X [n] × P 1 is
where L is the tautological line bundle of P 1 . Therefore the reduced χ −y -genus of Quot X (C 1 , f, n) can be written as
Denote the Chern roots of the tautological bundle O(−f ) [n] by µ 1 , · · · , µ n . Denote the hyperplane class of P 1 by h = c 1 (L). The Euler sequence of the tangent bundle of P 1 implies X −y (T P 1 ) = X −y (O(1)) 2 1 − y = (1 − y) + (1 + y)h.
Substituting these, the above integral becomes
By integrating out the hyperplane class over P 1 , the integral becomes
which simplifies to
